The Schwarzschild interior solution, or 'Schwarzschild star', which describes a spherically symmetric homogeneous mass with constant energy density, shows a divergence in pressure when the radius of the star reaches the Schwarzschild-Buchdahl bound. Recently Mazur and Mottola showed that this divergence is integrable through the Komar formula, inducing non-isotropic transverse stresses on a surface of some radius R 0 . When this radius approaches the Schwarzschild radius R s = 2M, the interior solution becomes one of negative pressure evoking a de Sitter spacetime. This gravitational condensate star, or gravastar, is an alternative solution to the idea of a black hole as the ultimate state of gravitational collapse. Using Hartle's model to calculate equilibrium configurations of slowly rotating masses, we report results of surface and integral properties for a Schwarzschild star in the very little studied region R s < R < (9/8)R s . We found that in the gravastar limit, the angular velocity of the fluid relative to the local inertial frame tends to zero, indicating rigid rotation. Remarkably, the normalized moment of inertia I/MR 2 and the mass quadrupole moment Q approach to the corresponding values for the Kerr metric to second order in Ω. These results provide a solution to the problem of the source of a slowly rotating Kerr black hole.
INTRODUCTION
In classical General Relativity it is commonly accepted that the final state of complete gravitational collapse is a singular state called a 'black hole' (Misner et al. 1973 ). This object is characterized by a central space-time singularity at r = 0 surrounded by an event horizon, a null hypersurface located at the Schwarzschild radius R s = 2M which separates points connected to infinity by a timelike curve from those that are not. These features are a consequence of the exact solution to Einstein's field equations in the vacuum found a century ago by Schwarzschild (1916a) which describes the exterior space-time geometry of a spherically symmetric mass.
Despite the vast amount of literature [see e.g. (Wald 2001; Page 2005) ], the physical reality of black holes has not only generated some skepticism (Abramowicz et al. 2002; Frolov 2014; Hawking 2014) , but also has raised some paradoxical issues which have not been consistently solved. A pivotal one is the nonconservation of information by quantum matter falling into a black hole (Hawking 1976) . Additionally in the original Hawking (1975) radiation derivation, the backward-in-time propagated mode seems to experience a large blueshift with energies larger than the Planck energy. It is expected that these highly 'blue-shifted' photons would leave a non-negligible 'imprint' on the spacetime geometry, making the approximation of fixed classical geometry background untenable (Mazur & Mottola 2001; Mottola 2011) . Moreover, the arbiContact e-mail: posadaag@email.sc.edu trarily large values of entropy at T H → 0 associated with the black hole as predicted by the Bekenstein (1974) formula in the classical limit → 0 produces serious challenges to the foundations of quantum mechanics. It is believed that the resolution of these issues will be achieved in the framework of a consistent theory of quantum gravity. We still do not posses such a theory, therefore it is valuable to investigate alternative solutions to the aforementioned problems.
Alternatives have been introduced to alleviate some of the black hole paradoxes (Stephens et al. 1994; Chapline 2001; Berezin 2003) . In particular, we concentrate in the gravastar (vacuum condensate gravitational star) model proposed by Mazur & Mottola (2001 , 2004a . A gravastar is basically the aftermath of the gravitational collapse of a star to the Schwarzschild radius R s , leaving a final state characterized by a modified de Sitter interior region with negative pressure and a finite surface tension. The exterior spacetime remains the standard spherically symmetric Schwarzschild exterior solution.
In connection with the gravastar, Mazur & Mottola (2015) considered the constant density Schwarzschild interior solution, or 'Schwarzschild star'. It is well known that this interior solution shows a divergence in pressure when the radius of the star R = (9/4)M (Schwarzschild 1916b; Buchdahl 1959 ). The existence of this limit in addition to the homogeneous mass approximation, considered 'unrealistic', have been assumed to be sufficient reasons to exclude the Schwarzschild star from further investigation (Wald 1984) . This complete disregard of the interior solution has left the interesting region R s < R < (9/8)R s unexplored.
In a bold approach Mazur & Mottola (2015) analyzed this 'forbidden' region and found that the divergence in the central pressure is integrable through the Komar formula (Komar 1959) , producing a δ-function of transverse stresses implying a relaxation of the isotropic fluid condition on a surface of some radius R 0 . In the limit when R → R + s from above and R 0 → R − s from below, the interior region suffers a phase transition (starting at the centre) becoming one of negative pressure evoking a de Sitter spacetime. This nonsingular 'bubble' of dark energy which is matched to an external vacuum Schwarzschild spacetime, has zero entropy and temperature, so providing a consistent picture of a gravitational EinsteinBose condensate, or gravastar, as the final state of complete gravitational collapse.
The relevance of gravastars follows from the fact that their physical properties and behaviour are governed by classical general relativity. Gravastars are being recognized as a very challenging alternative to black holes. Moreover, calculations of observational consequences of a merger of either two black holes or two gravastars in the context of gravitational waves, e.g. ringdowns (Chirenti & Rezzolla 2016) and afterglows (Abramowicz et al. 2016) , may provide methods to discriminate between black holes and gravastars.
Some authors (Lobo 2006 ) have investigated possible sources for the interior of the gravastar, and the electrically charged case was considered by Horvat et al. (2009) . The issue of stability against axial perturbations was studied by Chirenti & Rezzolla (2007) . They found that gravastars are stable under axial perturbations, moreover, the quasi-normal modes of rotating gravastars deviate from those associated with a black hole. They concluded that this might help to distinguish observationally between a gravastar and a black hole. Radial and axial gravitational perturbations on thin-shell gravastars were studied by Pani et al. (2009 Pani et al. ( , 2010 .
Perturbation theory can also be applied to the study of equilibrium configurations of slowly rotating compact objects. In a seminal paper Hartle (1967) provided the relativistic structure equations to determine the equilibrium configurations of slowly rotating stars to second order in the angular velocity. In Hartle's model the interior of the star is composed of a fluid characterized by a general one-parameter equation of state (EOS). This configuration is matched to a stationary and axially symmetric exterior region across a timelike hypersurface. Chandrasekhar & Miller (1974) studied slowly rotating homogeneous masses characterized by a constant energy density, using Hartle's framework. For this configuration they solved numerically the structure equations for several values of the parameter R/R s where R is the radius of the star and R s is the Schwarzschild radius. Using these solutions Chandrasekhar & Miller calculated integral and surface equilibrium properties such as moment of inertia and mass quadrupole moment up to the Buchdahl bound. They found that the ellipticity of the star, considering constant mass and angular momentum, manifests a prominent maximum at the radius R/R s ∼ 2.4. One result of particular interest is that for a star with the 'minimum possible' radius R = (9/8)R s , the quadrupole mass moment is very close to the value associated with the Kerr metric to second order in the angular velocity.
Motivated by the aforementioned works, in this paper we report results of surface and integral properties of a slowly rotating Schwarzschild star in the unstudied region R s < R < (9/8)R s . These results extend those presented by Chandrasekhar & Miller (1974) which where considered up to the Buchdahl radius. We show that for a Schwarzschild star in the gravastar limit when R → R s , surface properties like moment of inertia, angular velocity and mass quadrupole moment approach the corresponding Kerr metric values. These remarkable results provide a long sought solution to the problem of the source of rotation of a slowly rotating Kerr black hole. Throughout the paper, we use geometrized units where c = G = 1.
SCHWARZSCHILD STAR AND GRAVASTAR LIMIT
The Schwarzschild interior solution corresponding to a spherical configuration with constant energy density, is discussed in standard general relativity textbooks (see e.g. Wald 1984; Plebański & Krasiński 2006) . The starting point is a spherically symmetric spacetime in Schwarzschild coordinates
The stress-energy tensor for a spherically symmetric fluid is given by
where , p and p ⊥ correspond to the energy density, radial pressure and tangential pressure respectively, which are functions of r only. The energy density and the pressure p are related through a given one-parameter EOS. The relevant components of the Einstein equation
jointly with the energy-momentum conservation relation
which corresponds to the relativistic generalization of the hydrostatic equilibrium equation or Tolman-Oppenheimer-Volkoff (TOV) equation. It is conventional to introduce
where the function m(r) is associated with the mass within a radius r and is given by the Misner-Sharp relation (Misner et al. 1973 )
In terms of (7), (4) becomes
which in the non-relativistic limit reduces to Poisson's equation dν/dr = m(r)/r 2 , where ν(r) is associated to the Newtonian gravitational potential. The interior solution, or Schwarzschild star, is matched at the boundary r = R to the asymptotically flat vacuum exterior Schwarzschild solution
where M is the total mass and R is the radius of the star. The functions p(r) and m(r) satisfy the boundary conditions p(R) = 0,
The interior region is modeled as an incompressible and isotropic fluid p = p ⊥ with
It is useful to define (Mazur & Mottola 2015 )
where R s = 2M is the Schwarzschild radius. In terms of (11), equations (6) and (7) can be solved to obtain
From (5) the pressure takes the form
The metric function e 2ν(r) for r < R can be computed to give
Across the boundary of the configuration r = R, this function must match the exterior metric (9). The continuity of f (r) guarantees that an observer crossing the boundary will not notice any discontinuity of time measurements. Notice that (14) is regular except at some radius R 0 where the denominator in (13)
vanishes in the range 0 < r < R. Remarkably, it can be seen from (13) and (14) that the pressure goes to infinity at the same point where f (r) = 0. This singular radius can be found directly from (15) to be
which is imaginary for R/R s > 9/8. In this regime, p(r) and f (r) are positive. Moreover, when R → (9/8)R + s from above, (16) shows that R 0 approaches the real axis at R 0 = 0 and a divergence of the pressure appears jointly with f (r) → 0. This limit value R B = (9/8)R s , or Schwarzschild-Buchdahl bound (Schwarzschild 1916b; Buchdahl 1959) , fixes the maximum possible mass for a star with given radius R. At this radius R B general relativity predicts that the star cannot remain in static equilibrium. Furthermore, once the star reaches this critical point, its gravitational collapse is inevitable.
Due to the manifestation of this divergence in pressure at the Buchdahl bound, in addition to the incompressible fluid approximation being considered artificial (Narlikar 2010) , the Schwarzschild star solution below the Buchdahl bound has been ignored in the literature. Mazur & Mottola (2015) analyzed the region R s < R < (9/8)R s and they found that the zero of D given by (16) moves outwards from the origin to finite values 0 < R 0 < R (see Fig.1 ). Then there emerges a region where p(r) < 0, f (r) > 0 and D < 0, covering the range 0 r < R 0 . As the radius of the star keeps approaching the Schwarzschild radius from above R → R + s , R 0 → R − s from below, where R 0 is given by (16) which corresponds to the radius of the sphere where the pressure is divergent and f (R 0 ) = 0 (see Fig. 3 ). Analysis of (13) shows that the new interior region becomes one of constant negative pressure p = − for r < R = R 0 = R s (see Fig.2 ). In this limit, the interior metric function (14) becomes which is a patch of modified de Sitter spacetime. The exterior region r > R s remains the vacuum spherically symmetric Schwarzschild geometry (9), with an infinitesimal thin shell discontinuity at R s = 2M where there is a jump in pressure and the zeroes f = h = 0 of the interior modified de Sitter and exterior vacuum Schwarzschild spacetimes match. Although there is no event horizon, R = R s is a null hypersurface. However in contrast to the black hole, the gravastar does not require the interior region r < R s to be trapped. Moreover, the gravastar solution with interior p = − , has no entropy and zero temperature, validating its condensate state nature. Mazur & Mottola (2015) showed that the divergence in pressure at R 0 can be integrated through the Komar formula. However this integration demands that p ⊥ p, therefore breaking the isotropic fluid condition. Below the Buchdahl bound R < 9 8 R s the relation for pressure is
indicating an anisotropy in pressure at r = R 0 . It is this δ-function integrable through the Komar formula, together with the relaxation Figure 3a , shows that R 0 emerges at the center of the star where the fluid suffers a phase transition. The region 0 r < R 0 with negative pressure starts approaching R s from below, meanwhile the radius of the star R approaches R s from above (see Fig. 3b ). In the gravastar limit when R → R + s and R 0 → R − s , the whole interior region is one of constant negative pressure given by a static patch of modified de Sitter spacetime with a finite surface tension (see Fig. 3c ). The exterior spacetime is described by the standard vacuum Schwarzschild metric. Instead of an event horizon, an infinitely thin shell forms at the Schwarzschild radius R s where there is a jump in pressure and the zeroes f = h = 0 of the interior modified de Sitter and exterior Schwarzschild solutions match.
of the isotropic perfect fluid condition at r = R 0 that provide a physical interpretation of the Schwarzschild star. The surface energy is found to be
together with the discontinuity on the surface gravities
provides a surface tension at r = R 0 given by
In contrast to a black hole, (21) corresponds to a physical surface tension (localized in an infinitesimal thin shell at r = R s ) provided by a surface energy and positive transverse pressure as determined by the Komar formula. Notice that the Schwarzschild star solution provides an instructive limiting case of a stellar model in general relativity. Furthermore in the limit when R → R + s and R 0 → R − s , the Schwarzschild star turns out to be the non-singular gravitational condensate star or gravastar, with a surface tension at R s , proposed by Mazur & Mottola (2001 , 2004a as an alternative to black holes as the final state of gravitational collapse.
In the next section we will review the perturbative method developed by Hartle (1967) , to study equilibrium configurations of slowly rotating relativistic stars. We will apply these methods to the slowly rotating Schwarzschild star in the region R s < R < (9/8)R s .
HARTLE'S STRUCTURE EQUATIONS
In this section the equations of structure for slowly rotating masses derived by Hartle (1967) are summarized. The Hartle model is based on the consideration of an initially static configuration set in slow rotation. In this approximation, fractional changes in pressure, energy density and gravitational field are much less than unity. This condition implies that RΩ << 1 where R is the radius of the star and Ω its angular velocity. The appropriate line element for this situation is
where P 2 (cos θ) is the Legendre polynomial of order 2; (h 0 , h 2 , m 0 , m 2 , k 2 ) are quantities of order Ω 2 ; and ω, which is proportional to the angular velocity of the star Ω, is a function of r that describes the dragging of the inertial frames. One can introduce a local Zero-Angular-Momentum-Observer (ZAMO), then the function ω(r) corresponds to the angular velocity of the local ZAMO relative to a distant observer. In the non-rotating case the metric (22) reduces to (1).
In the coordinate system of (22), the fluid inside the configuration rotates uniformly with four-velocity components (Hartle & Thorne 1968) 
It is conventional to define
to be the angular velocity of the fluid as measured by the local ZAMO. The magnitude of the centrifugal force is determined by this quantity which, to first order in Ω, satisfies the equation
In the exterior empty region r > R, j(r) = 1 and (25) can be easily integrated to give
where the constant J corresponds to the angular momentum of the star (Hartle 1967) . Equation (25) will be integrated outward from the origin with the boundary conditions (0) = c = const., and d /dr = 0. The value of c is chosen arbitrarily. Once the solution on the surface is found, one can determine the angular momentum J and the angular velocity Ω through the formulas
The angular momentum is related linearly to Ω through the relation J = IΩ, where I is the relativistic moment of inertia. Additionally, due to the rotation, the star will deform carrying with it changes in pressure and energy density given by (Hartle & Thorne 1968) 
where δp 0 and δp 2 are functions of r, proportional to Ω 2 , which correspond to perturbations in pressure and energy density. The spherical deformations can be studied from the l = 0 equations with the condition that the central energy density is the same as in the static configuration. The relevant expressions are
These equations will be integrated outward from the origin, where the boundary conditions h 0 (0) = m 0 (0) = 0 must be satisfied. In this approximation, the slowly rotating configuration will have the same central pressure as in the static case. In the exterior region, (31) and (32) can be integrated explicitly to give
where M 0 corresponds to the total mass of the star and δM is an integration constant which is associated to the change in mass due to the rotation. This constant δM can be found by matching the interior and exterior solutions for h 0 at the boundary r = R. Recently Reina & Vera (2015) revisited Hartle's framework within the context of the modern theory of perturbed matchings. They found that the perturbative functions at first and second order are continuous across the boundary of the configuration except when the energy density is discontinuous there. In this particular case, the discontinuity in the radial function m 0 at the boundary is proportional to the energy density there. Furthermore, Reina and Vera showed that the manifestation of this jump in the perturbative function m 0 induces a modification to the original change of mass (33), which is given by (Reina 2016 )
where δM H corresponds to the original change of mass (33) and δM C is the correction term. Reina (2016) points out that this correction is relevant in configurations where the energy density does not vanish at the boundary, for instance for homogeneous masses. We shall consider the corrected expression (35) in our computations.
The quadrupole deformations of the star are computed from the integrals of the l = 2 equations which give
where v 2 = h 2 + k 2 . These equations will be integrated outward from the center, where h 2 = v 2 = 0. Outside the star, (36) and (37) are integrated analytically
where K is an integration constant which can be found from the continuity of the functions h 2 , v 2 at the boundary, and Q m n are the associated Legendre functions of the second kind. The constant K in (39) and (40) is related to the mass quadrupole moment of the star, as measured at infinity, through the relation (Hartle & Thorne 1968 )
Due to the rotation, the surface of the Schwarzschild star will be deformed from the spherical shape it has in the static case, preserving the same central density. The modified radius of the slowly rotating isobaric surface is given by r(θ) = r 0 + ξ 0 (r 0 ) + ξ 2 (r 0 )P 2 (cos θ),
where r 0 corresponds to the radius of the spherical surface in the non-rotating case, and the deformations ξ 0 and ξ 2 satisfy
The ellipticity of the isobaric surfaces can be computed from (Thorne 1971; Miller 1977 )
which is correct to order Ω 2 .
STRUCTURE EQUATIONS FOR THE SCHWARZSCHILD STAR
In a seminal paper Chandrasekhar & Miller (1974) studied slowly rotating homogeneous masses using Hartle's framework. In that paper, the structure equations were integrated numerically and surface properties were computed for several values of the parameter R/R s , where R is the radius of the star and R s is the Schwarzschild radius. This procedure represented a quasi-stationary contraction of the star (Miller 1977 ). We will refer to the relevant equations of that paper prefixed by the letters CM, for example (CM.1) indicates equation (1) of (Chandrasekhar & Miller 1974 ).
The geometry of the Schwarzschild star was discussed in 2. In order to facilitate the numerical integrations, it is useful to introduce the coordinates (CM.35)
Here r is being measured in the unit α = 1/H, where H is given by (11). In terms of these variables the Schwarzschild star solution (6), (12), (13) and (14) takes the form
Notice that, in contrast to (CM.34), here we consider the modulus of (3y 1 − y) in (46) in harmony with the fact that the metric element e 2ν 0 in (14) is a perfect square making it always a positive quantity. Notice that the function e ν 0 is negative when 3y 1 < y which occurs in the region below the Buchdahl bound. Therefore, in order to investigate the region R s < R < (9/8)R s it is important to specify the modulus condition. This specification was taken into account in the code to compute the numerical solutions. To facilitate computations, we define the quantity
which is always positive as it is required for the analysis of the region R s < R < (9/8)R s . It is also advantageous to introduce the coordinate (CM.39)
where x covers the range (0, 1 − y 1 ]. In terms of (49), equation (25) reads
Near the origin (x ≈ 0) satisfies
where is measured in the unit c , its value at the centre, which is arbitrary. The field equations (31), (32) take the forms (53) which, near the origin, satisfy
The equations for h 2 , v 2 as functions of x now take the form
The functions δP 0 , δP 2 , h 2 , k 2 and v 2 are measured in the unit α 2 ω 2 c and m 0 is measured in the unit α 3 ω 2 c . Solutions to (56) and (57) can be expressed as the superposition of a particular and a complementary solution (CM.61)
with β being an integration constant. The complementary functions here satisfy the homogeneous forms of equations (56) and (57) dv (c) 2 (60) which have the following behaviours near the origin (CM.64)
where 3k 2 (c − ka) = 8(k + 1) and B is an arbitrary constant. On the other hand the exterior solutions (33), (34), (39) and (40) 
At the boundary of the configuration, the interior equations (50)-(57) must match the exterior solutions (63)- (65). Finally, from (44), the ellipticity of the embedded spheroid at the bounding surface takes the form
where ε is being measured in the unit α 2 2 c . It can be observed that the structure equations preserve the same form as considered in Chandrasekhar & Miller (1974) . The only significant change corresponds to the modulus condition (48) which, we emphasize, is crucial for the strict analysis of the regime R s < R < (9/8)R s .
RESULTS
In this section we present the results of integrations of the Hartle structure equations and derived surface properties for a slowly rotating Schwarzschild star with negative pressure, in the unstudied regime R s < R < (9/8)R s . We followed similar methods to those used by Chandrasekhar & Miller (1974) , in particular, units were chosen such that derived quantities are dimensionless. Similarly we constructed several configurations under quasi-stationary contraction, by varying the radius of the star through the parameter R/R s . For convenience we introduce the 'Schwarzschild deviation parameter' ζ ≡ (R − R s )/R s .
The integrations were performed numerically using the Runge-Kutta-Fehlberg (RKF) adaptive method in Python 3.4 (Kiusalaas 2010; Newman 2012) . It is well known that adaptive methods are usually more convenient, than the standard fourthorder Runge-Kutta, when the function to be integrated changes rapidly near some point. In such situations, setting a constant step of integration h on the whole integration range might not be appropriate and we are forced to adjust the step to maintain the truncation error within prescribed limits. In our particular case, we found that the (RKF) method provided a fast, reliable and stable technique to integrate the structure equations near and below the Buchdahl radius.
In our routine the condition (48) was specified which is key to analyze the region below the Buchdahl radius. We have checked our code by reproducing the computations found in (Chandrasekhar & Miller 1974) for R 1.125R s . We found agreement up to the fourth decimal place in some cases (see Table 1 ). In contrast to the CM paper, we are measuring the mass quadrupole moment Q in units 
which corresponds to the relative deviation of the quadrupole moment from the Kerr metric value (Q kerr = J 2 /M 0 ). One important observation by Chandrasekhar & Miller (1974) is that the structure equations can actually be integrated at the Buchdahl radius, i.e., y 1 = 1/3 and k = 0, by considering the expansions (CM.69)-(CM.71). We reproduced these results (see Table 1 ) with very good agreement, except for the mass quadrupole moment where we found Q = 2.02311 (in units of J 2 /R s ). The fact that the structure equations are integrable at R = (9/8)R s might be seen as an early indication that the region below this limit is potentially interesting. This hypothesis has been investigated in this paper inspired by the results of Mazur & Mottola (2015) . In the following, we present some plots of our results and further analysis.
In Fig. 4 we plot the surface value of the fluid angular velocity relative to the local ZAMO (R), versus the 'compactness parameter' R/R s , above the Buchdahl bound. Notice that (R) reaches a maximum near to R = 1.4R s and then approaches zero in the Newtonian limit R → ∞. These results are in very good agreement with (Chandrasekhar & Miller 1974) . Figure 5 shows the angular velocity (R) relative to the local ZAMO as a function of R/R s in the regime R s < R < (9/8)R s . It is observed that in the limit when the radius of the star R approaches the Schwarzschild radius R s , tends to zero. In connection with this, Fig. 7 shows the angular velocity Ω, relative to a distant observer, as a function of R/R s in the region R s < R < (9/8)R s . Notice the increase in the angular velocity reaching a maximum at R/R s ≈ 1.03, and the subsequent decrease tending to the value 2 (in units of J/R 3 s ) when R → R + s . In this limit, → 0 and the angular velocity Ω = ω is a constant indicating a rigidly rotating body with no differential surface rotation (Marsh 2014) .
It can be shown that the value Ω = ω = 2 (in units of J/R 3 s ) for the angular velocity of the super-compact Schwarzschild star in the gravastar limit (ζ ∼ 10 −14 ) is consistent with that of the Kerr black hole limit. It is well known that in the Kerr spacetime, a radially falling test particle with zero angular momentum acquires an Table 1 . Integral and surface properties of a slowly rotating 'Schwarzschild star' for several values of the deviation parameter ζ ≡
R−Rs
Rs , where R is the radius of the star and R s = 2M 0 is the Schwarzschild radius. We use geometrized units (c = G = 1). The angular velocity relative to the local ZAMO (R) = (Ω − ω)| r=R is given in units of J/R 3 s . The moment of inertia I is in the unit R 3 s . The ratio δM H /M denotes the original Hartle's fractional change in mass, as given by (33), measured in units of J 2 /R 4 s . The ratio δM/M corresponds to the amended fractional change of mass as given by (35). The ratio ∆Q/Q defined in (67) corresponds to the relative deviation of the mass quadrupole moment from that of the Kerr metric. We measure the quadrupole moment Q in units of J 2 /M 0 so the Kerr factorq = QM 0 /J 2 corresponds to the unity. The ellipticity ε is measured in units of J 2 /M 4 . All the quantities are computed at the surface of the configuration. The digit in parenthesis following each entry corresponds to the power of ten by which the entry is multiplied. Ω/(J/R 3 s ) Figure 7 . The angular velocity Ω (in units of J/R 3 s ) plotted as a function of the compactness parameter R/R s in the region R s < R < 1.125R s .
angular velocity when it approaches the spinning black hole. The angular velocity as measured by a distant ZAMO is given by
where a ≡ J/M 0 and ∆(r) ≡ r 2 − 2M 0 r + a 2 . Notice that positive a implies positive ω, therefore the particle will rotate in the spinning direction of the black hole. This is the so-called dragging effect in Kerr geometry. At the 'event horizon' (68) satisfies
where r + = M 0 + (M 2 0 − a 2 ) 1/2 . Equation (69) corresponds to the angular velocity of the Kerr black hole. In the slowly rotating approximation (ξ ≡ a/M 0 << 1) a straightforward calculation from (69) shows that
which is consistent with our numerical results for Ω in the gravastar limit ζ ∼ 10 −14 (see Table 1 ). From Fig. 8 it can be observed that the normalized moment of inertia approaches the value 0.8 at the Buchdahl bound. For large values of R we notice that I N tends to the value 0.4 which is the well known moment of inertia of a sphere in consistency with the Newtonian limit. Figure 9 shows the normalized moment of inertia versus the factor R/R s in the region R s < R < (9/8)R s . Notice how I N approaches 1 systematically when R → R + s . This is in remarkable agreement with the Kerr value in the slowly rotating approximation which is given by
In Fig. 10 the original (33) and amended (35) change of mass are plotted as a function of the compactness parameter R/R s , for R (9/8)R s . Notice that δM/M 0 reaches a maximum at R/R s ∼ 2.81 and then decreases in the Newtonian limit. Notice that this decrease is slower than the one obtained from the original (33). These results are in very good agreement with (Reina 2016) . Figure 11 shows the original and amended fractional change in mass, as a function of the parameter R/R s , for R s < R < (9/8)R s . Figure 9 . The normalized moment of inertia I/M 0 R 2 plotted as a function of the compactness parameter R/R s in the region R s < R < 1.125R s . Notice the approach to 1 of the moment of inertia (normalized) in the gravastar limit R → R + s .
Notice the systematic decrease of δM H /M 0 and δM/M 0 for R below the Buchdahl bound, and their subsequent approach to the value 2 in the gravastar limit R → R + s . Notice that in this limit the additional term for the change of mass in (35) is negligible. Figures 12 and 13 show the ellipticity ε(R) of the bounding surface, as defined in (66), plotted as a function of the compactness parameter R/R s above the Buchdahl bound, for a Schwarzschild star with fixed total mass and angular momentum. Notice the nonmonotonic behaviour reaching a maximum at R/R s ∼ 2.4. In principle, under adiabatic contraction, the star would be flattened as expected due to the rotation. However, a peculiar behaviour occurs below the maximum R/R s ∼ 2.4 where ε(R) decreases indicating that the configuration becomes more spherical. These results are in very good agreement with (Chandrasekhar & Miller 1974; Miller 1977; Abramowicz & Miller 1990 ).
The reversal of ellipticity for a slowly rotating relativistic star, has been the subject of lively discussion in the literature (Chandrasekhar & Miller 1974; Miller 1977; Abramowicz & Miller 1990; Abramowicz 1993; Chakrabarti & Khanna 1992) . In connection with this, in Fig. 14 we plot the ellipticity as a function of R/R s in the region 1.10 < R/R s < 2. Notice the continuous decrease of the ellipticity as the compactness increases. In the limit when R → R + s the eccentricity tends to the value 0.375 (in units of J 2 /M 4 ). Notice that in the relativistic case, in contrast to the Newtonian approximation, the eccentricity is a much more complicated quantity which depends not only of the centrifugal effects (as determined by ) but also of the behaviour of the functions h 2 (y 1 ) and v 2 (y 1 ).
Finally in Fig. 15 the Kerr factorq = QM 0 /J 2 (Thorne 1971; Miller 1977 ) is plotted as a function of the parameter R/R s . Notice the approach to the Kerr valueq = 1 when R → R + s . A remarkable and unprecedented result is that relative deviations of the mass quadrupole moment as given by (67) are of the order of 10 −15 in the gravastar limit R → R + s with ζ ∼ 10 −14 . Therefore, we conclude that the exterior metric to a slowly rotating super-compact Schwarzschild star (with negative pressure) in the gravastar limit R → R + s , agrees to an accuracy of 1 part in 10 15 with the Kerr metric. MNRAS L A T E X guide for authors 11 Figure 15 . The Kerr factorq = QM 0 /J 2 plotted as a function of the compactness parameter R/R s in the regime R s < R < (9/8)R s . Notice the approach to the Kerr valueq = 1 in the gravastar limit R → R + s . In Table 1 it is shown that the relative deviation ∆Q/Q is of the order of 10 −15 for ζ ∼ 10 −14 .
CONCLUDING REMARKS
Motivated by recent investigations of Mazur & Mottola (2015) and the methods introduced by Hartle (1967) and Chandrasekhar & Miller (1974) in the study of slowly rotating relativistic masses, we have presented in this paper results for integral and surface properties of a slowly rotating super-compact Schwarzschild star in the unstudied regime R s < R < (9/8)R s . We found that the angular velocity relative to the local ZAMO tends to zero in the gravastar limit R → R + s . This result indicates that the supercompact Schwarzschild star rotates rigidly with no differential surface rotation. Furthermore the angular velocity Ω of the supercompact Schwarzschild star, in the gravastar limit, is constant and approaches the corresponding Kerr value in the slowly rotating approximation.
Additionally, we found that the normalized moment of inertia I/M 0 R 2 approaches 1 systematically when R → R + s . This result is in agreement with the value corresponding to the slowly rotating Kerr metric. The most remarkable result concerns the mass quadrupole moment Q. We found that for a slowly rotating supercompact Schwarzschild star, in the gravastar limit, the relative deviation factor is ∆Q/Q ∼ 10 −15 . These aforementioned results indicate that the external metric of a slowly rotating super-compact Schwarzschild star in the gravastar limit, agrees with the Kerr metric to the requisite order to one part in 10 15 . These results provide the long-sought solution to the problem of the source of rotation of the slowly rotating Kerr metric.
